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MY LORD,

are many People in the World

re prepoflefled with an Opinion,

e Doétrine of Chances has a Ten-

to promote Play, but they foon

> undeceived, if they think fit to

nto the general Defign of this

e, it will not be improper to in-.

form them, that your Lordfhip is pleafed to efpoufe the

Patronage of this fecond Edition, which your ftrit Pro-

bity, and the diftinguithed Chara&er you bear in the

World, would not have permitted, were not their Appre-
henfions altogether groundlefs.

A 2 Your
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Your Lordfhip does eafily perceive, that this Do&rine
is fo far from encouraging Play, that it is rather a Guard
againft it, by fetting in a clear Light, the Advantages and
Difadvantages of thofe Games wherein Chance is concerned.

Befides the Endowments of the Mind which you have
in common with Thofe whofe natural Talents have been
cultivated by the beft Education, you have this particular
Happinefs, that you underftand, in an eminent Degree, the
Principles of Political Arithmetic, the Nature of our Funds,
the National Credit, and its Influence on public Affairs.

As one Branch of this ufeful Knowledge extends to the
Valuation of Annuities founded on the Contingencies of
Life, and that I have made it my particular Care to facili-
tate and improve the Rules I have formerly given on that
Subject ; I flatter myfelf with a favourable Acceptance of
what is now, with the greateft Deference, fubmitted to
your Judgment, by,

My Lorbp,

Your Lordfhip's
;o Mof Obedient and
Mot Obliged,

Humble Servant,

A. De Mouvre.



PREFACE.

’ 1S now about Seven Years, fince I gave a Specimen in the
Philofophical Tranfactions, of wbhat I now more largely
treat of in this Book. The occafion of my then undertaking
this Subjeit was chiefly owing to the Defire and Encourage- .

ment of the Honourable Francis Robartes Efg; who, upon occafion of a

French Traé?, called, L’Analyfe des Jeux de Hazard, which Fad lately

been publifbed, was pleafed to propofe to me fome Problems of much greater

difficulty than any be bad found in that Book ; which having folved ts
kus Satisfalion, be engaged me to methodize thofe Problems, and to lay
down the Rules wbich bad led me to their Solution. After I bad pro-
ceeded thus far, it was enjoined me by the Royal Society, to communicate
to them what I had difcovered on this Subjel?, anj thereugon it was
ordered to be publifbed in the Tranfactions, rzot:{o' much as a matter re-

Jating to Play, but as containing fome genéral Speculations not unworthy

to be confidered by the Lovers of Truth.

I had not at that time read any thing concerning this Subject, but
Mr. Huygens’s Book de Ratiociniis in Ludo Alez, and a little Englifb’
Piece (which was properly a Tranflation of st) done by a wery ingenious
Gentleman, who, tho' capable of carrying the matter a great deal far-
ther, was contended to follow bis Original ; adding only to it the com-
putation of the Advantage of the Setter in the Play called Hazard, and
_fome few things more. As for the French Book, I bad run it over but

curfarily, by reafon I bad obferved that the Autbor chicfly infified Zn
the

® Tbis Preface was awritten in 1717,

*A



i PREFACE

the. Method of Huygens, which I'was abfolutely refolved to rejest, as
mot feeming to me 10 be the genuine and natural way of coming at the Solu-
tian of Problems of this kind.

I had faid in my Specimen, that Mr.Huygens was the firff who

" bad Publifbed the Rules of this Calculation, intending thereby to do juftice
to a Man who bad well deferved of the Public 5 but what I then faid
was mifinterpreted, as if I bad defigned to wrong fome Perfons who
bad confidered this matter before him, and a pq/}zge was cited againff
me out of Huygens's Preface, in wbich be faith, Sciendum vero quod
jam pridem, inter Preftantiffimos totd Gallidi Geometras, Calculus
'lnc uerit agitatus s ne quis indebitam mihi primz Inventioais glo-
riam hac in re tribvat. Buf what follows smmediately after, bad st
beem minded, might bave cleared me from amy Sufpicion of injufisce.
The words are thefe, Ceterum illi difficillimis quibufque Quzftionibus.
fe invicem exercere Soliti, methodum Suam quifque occultam reti-
nuere, adeo ut a primis elementis hanc materiam evolvere mihi
necefle fuerit. By wbich it appears, that the Mr. Huygens was not -
the firft who bad applied bimfelf to thofe forts of Queftions, be was ne-
werthelefs the firff who bad publifbed Rules for their Solution ; wbhich is.
all that I a rmeaLb be wffid to frverals endsy th

Such a Tra& as this is- may be ufefid to [everals end; the firft of
wbhich is, that there being inytbe Wofr"ld Jeveral inquifitive I{ir‘//f)n}{,—
who are defirous to knew what foundation they go upon, when they
engage in Play, awhether from a motive sf Gain, or barely Diver—.
Sfion, they may, by the belp of this or the fike Traél, gratify their
curiofity, either by taking the pains to underfland what is bere De-
monfirated, or elfe making ufe of the Conclufions, and taking it for
granted that the Demonfirations are right.

Anotber ufe to be made of this Doltrine of Chances is, that it
may ferve in Conjunition with the other parts of the Mathematicks,
as a fit Introdultion to the Art of Reafoning; it being knowon by
experience that nothing can contribute more to the attaining of that
Art, than the confideration of a long Train of Confequences, rightly
deduced from undoubted Prémciples, of which this Buok affords many .
Examples. o this may be added, that fome of the Problems about
Chance baving a great appearance of Simphcity, the Mind is eafily drawn
into a belief, that their Solution may be attained. by the meer "Strength

“of natural govd Senfe 5 which generally proving otherwife, andthe Mijf-

takes cccafioned thereby deing nat anfrequent, *tis prefumed that a. Book
of this Kind, which. teackes to diftinguifb Truth from wkat feems
Jo nearly to refemble ity will be look'd. upon. as a belp to good Rea-.

Joning.. ‘
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 Among the feveral Mifiakes that are committed abeut Chance, one
of the maff common and leaft fufpected, is that which relates to Lot-
teries. Thus, fuppofing a Lostery wherein the proportion of she Blanks
to the Prizes is as five to ome ; 'tis very natural to conclude, that there~
Jore five Tickets are regu;’/ite Jor the Cbance of a Prize ; and yet it may
be proved, Demonfiratively, that four Tickets are more than fuficient for
that purpofe, which will be confirmed by often repeated Experience. In
the like manner, fuppofing a Lottery wherein the proportion of the Blanks
to the Prizes is asIbirty-nine to One, g}/ia’b as was tbe Lottery of 1710)
it may be proved, that in twenty eight Tickets, a Prize is as likely to
be taken as not ; which tha' it may [eem to contrads(t the common Notions,
is neverthelefs grounded upon infaible Demonfiration. :
_ When the Play of the Royal Oak was in ufe, fome Perfons who bft
confiderably by it, bad their Loffes chiefly acc%om’d by an Argument of -
awhich they could not perceive the Fallacy. e Odds againft any par-
ticular Point of the Ball were One and Thirty to One, which intitled
the Adventurers, .in café they were winners, to bave thirty two Stakes
returned, including their own ; inflead of wbich they baving but Eight
and Twenty, it was very plain that on the fingle account of the difad-
wantage of the Play, they loft one eighth part Jof all the Mony they play'd
for. But the Mafter of the Ball maintained that they bad no reafon to
complain; fince be would undertake that any particular point of the Ball
Jhould come up inTwo and Twenty Throws; of this be would offsr to lay
a Wager, and aclually laid it when required.  The feeming contradittion
between the Odds of One and Thirty te One, and Twenty-two Throws for
any Chance to come up, o perplexed the Adventurers, that they begun to
think the Advantage was on their fide ; for which reafon they play'd on
and continued to lofe. -

_ The Dottrine of Chances may Iike:vf be a belp to cure a Kind of
Suferﬂition, which bas been of long flanding in the World, viz. that there
is in Play fuch a thing asLuck, good or baa. Iown there are great many
judicious people, who without any other Affiffance than that of their own
reafon, are fatisfied, that the Notion of Luck is meerly Chimerical; yet
1 conceive that the ground they bave to look zg;an it as fuch, may fiill be
farther inforced from fome of the following Confiderations.

If by faﬁﬂi that a Man bas had good Luck, notbing more was meant
than that be bas been generally a Gainer at play, the Expreffion might
be allrwed as very proper in a fbort way of [peaking : But if the ll)grd
Good Luck be u %ﬂd to fignifie a certasn predominant quality, fo in-
berent in a Man, that be muft win whenever be Plays, or at 13'4/2 win

oftner than lofe, it may be denied that there is any fuco thing in nature.
*Az The
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Tbe Afferters of Luck are wery fure from their own Experiente,
that at fome times they bave been ‘ve?' Lucky, and that at other times
they bave bad a prodigious Run of ill Luck againft them, which whilf
it continued obliged them to be very cautious in engaging with the For-
tunate ; but bow Chance fhould produce thofe extraordinary Ewvents, is
what they cannot conceive : They would be glad, for Inflance, to be Sa-
tisfied, bow they could Iof Fifteen Games together at Piquet, if ill
Luck bad not firangely prevailed againft them. But if they will be
pleafed to confider the Rules deliver'd in this Book, they vl fee,
that though the Qdds againft their lofing o many times together be very
great, viz. 32767 to 1, yet that the Poffbility of it is not defiroy'd by
the greatnefs of the Odds, there being One Chance in 32768 that st may
Jp bappen 5 from whence it follows, that it was fiill pofible to come to pafs.
svithout the Intervention of what they call Il Luck.

Befides, This Accident of lfing Fifteen times together at Piquet, is
no more to be imputed to sl Luck, than .the Winning with one fingle
Ticket the highef} Prize, in'a Lottery of 32768 Tickets, is to be im-
puted to good Luck, fince the Chances in'both Cafes are perfectly equal.
But if it be faid that Luck bas beem concerned in this latter €afe,
the Anfwer will be eafy 5 for let us fufpo € Luck not exifting, or at keaft
Jet us [uptofe sts Influence to 6Zi¢ﬁen ed, yet the bigheft Prize muf} fall .

-into fome Hand or-other, not by Luck, ( for by the Hypothefis that has
been laid afide) but Jfrom the meer neceffity of sts falling fomewbere.

Thofe who contend for Luck, may, if they pleafé, alledge other Cafes
at Play, much more unlikely to bappen tham the Winning or Lofing
Sifteen Games togetber, yet fiill their Opinion will never receive any
Addition of Strength &/rom Such Suppofitions : For, by the Rules of
Chance, a time may ve computed, in which thofe Cafes may as pro-
bably bappen as not ; nay, not only fo, but a time may be computed in
which there may be any proportion of Odds for their fo happening.

But fuppofing that Gain and Lofi were fo fluttuating, as always to
be difiributed equally, whereby Luck would certainly be annibilated ;.
would it be reafonable in this Cafe to attribute the Events of Play to
Chance alone? I think, on the contrary, it would be quite otherwife,
Jor then there would be more reafon.to fufpet that fome unaccountable.
Fatality did rule in it: Thus, if two Perfons play at-Crofs and Pile,
‘and Chance alone be [upposd to be concern’d in regulating the fall of
the Piece, is it probavle that there fhould be an Equality of Heads and
Croffes 2 It is Five to Three that in four times there will be an incqua-
Ity ; ’tis Eleven to Five in fix, 93 to 35 in Eight; and about 12 to 1
in a bundred times: Wherefore Chance alone by its Nature conflitutes

the Inequalities of Play, and there is no.need to bave recourfe to Luck
to- explain. them.. - : Further,
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Further, The fame Arguments which explode the Notion of Luck,
may, on the other fide, be ufeful in fome Cafes to effablifp a due com-
parifon between Chance and Defign: We may imagine Chance and De-
J&n to be, as it were, in Competition with each other, for the produttion
¢f fome forts of Events, and may calculate what Probability there is,
that tb;ﬁ Events fbould be rather owing to one than to the other. To give
& familiar Inflance of this, Let us fuppofe that two Packs of qu:guet-
Cards being fent for, it fbould be percesved that there is, from Top to
Bottom, the fame Difpofition of the Cards in both Packs ; Let us like-
wife fuppofe that, fome doubt arifing about this Difpofition of the Cards,.
it fbould be queftioned whether it ought to be attributed to Chance, or
to the Maker's Defign : In this Cafe the Doctrine of Combinations de-
cides the Queflion, fince it may be proved by its Rules, that there are
the Odds of above 26313083 Millions of Mifl;'am of Millions of Millions
to One, that the Cards were defignedly fet im the Order sn which they
were found.

From tbis laft Confideration we may learn, in many Cafes, bow to
diftinguifb the Events which are the effect of Chance, from thofe which
are produc'd by Defign: The very Dolirine that finds Chance where it
really is, being able to prove by a gradual Increafe of Probability, &ill
it arrive at Demonfiration, that wbere Uniformity, Order and Con-
Sancy refide, there alfo refide Chosce and Defign. v

Laftly, One of the principal Ufes to wbich thisDo&rine of Chances
" may be.apply'd, is the difcovering of fome Truths, wbich cannot fail of
pleafing the Mind, by thesr Generality and Simplicity ; the admirable
Connexion of its Confequences-will increafe the Pleafure of the Difiovery ;
and the feeming Paradoxes wherewith it abounds, will afford very great
matter of Surprize and Entertainment to the Inquifitive. A very re-
. markable Inflance of this nature may be feen in the prodigious Advan-
tage which the repetition of Odds will amount to; TFous, Suppofing Lplay
with an Adverfary who allows me the Qdds of 43 to 40, and agrees
with me to play till 100 Stakes are won or loff on either fide, on condi-
tion that I give him an Equivalent. for the Gain I am intitled to by
the Advantage of my Odds ; the Queftion is; wbat I am to give him,
on_fuppofing we play a Guinea a Stake : The Anfwer is g9 Guineas and
above 18 Shillings *, which will feem almofi incredible, confidering the
Jimalinefi of the Odds of 43 to 40.  New let the Odds be in-any Propor-
~ tion given, and let the Number of Stakes be played for be never fo great,

yet one general Conclufion will include all the poffible Cafes, and the ap-
Blication of it to Numbers may be wrought in lefs than a Minute's time.

d
® Gaineas were then at 218 6%
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I have explain’d, in my Introdution #o the follbwing Treatife, the
chief Rules on which the whole Art of Chances depends ; I have done it
in the plaineft manner that I could think of, to the end it might be (as
much as po/fible) of general l{/e I flatter my felf that thofe who are
acquainted with Arithmetical Operations, will, by the belp of the In-
troduction alone, be able to.folve a great Variety of Qyeflions depending
on Chance: I wifb, for the [ake of fome Gentlemen who bave been pleafed
to fubficribe to the printing of myBook, that I could every where bave been
as plain as in the Introduction ; but this avas bardly praéticable, the In-
wvention of the greateft part of the Rules being intirely owing to Algebra ;
yet I bave, as much as poffible, endeavour'd to deduce from the Algebraical
. Calculation feveral practical Rules, the Truth of which may be depend.-

ed upon, and which may be very ufeful to thofe who bave contented them-
[felves to learn only common Arithmetick. ' o

On this occafion, I muft take notice to fuch of my Readers as are
well versd in Vulgar Arithmetick, that 1t would not be difficult for
them to make themfelves Maflers, not only of all the praftical Rules in
this Book, but alfo of more ufeful Difcoveries, if they would take the
fmall Pains Zf being acquainted with the bare Notation of Algebra,
which might be done in the bundredth part of the Time that is fpent in
learning to write Short-hand.

One of the principal Methods I bave made ufe of in the following
Treatife, bas been the Doltrine of Combinations, taken in a Semfe
fomewbat more extenfive, than as it is commonly underfiood: The No-
tion of Combinations being fo well fitted to the. Calculation of Chance,
that it maturally enters the Mind whenever any Attempt is made to-
wards the Solution of any Problem of that kind. It was this that led
me in courfé to the Confideration of the Degrees of Skill in the Adven-
turers at Play, and I bave made ufe of it- in moft parts of this Book,
as one of the Data that enter the Queftion; it being fo far from per-
plexing the Calculation, that on the contrary it is rather a Help and an
Ornament to it : It is true, that this Degree of Skill is not to be known
any other way than from Obfervation s but if the fame Obfervation
conflantly recur, ’tis firongly to be prefumed that near Efiimation of
1t may be made : However,. to make the Calculation more precife, and
to awid caufing any needle[s Scruples to thofe who love Geometrical
Exaltnefs, it will be eafy, in the room of the word Skill, o fubflitute
@ Greater or Lefs Proportion of Chances among the Adventurers, fo as
each of them may be faid to bave a certain Number of Chances to win
one fingle Game. _ ‘

The general Theorem invented by Sir lfaac Newton, for raifing a Bino-
swal to any Power givem, facilitates infinitely the Method of Combinations,

reprefenting
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" reprefenting in one View the Combination of all the Chances, that can
bappen in any given Number of Times. ’Tis by the belp of that Theorem,
joined with fome other Metbods, that I bave been able to find practical
Rules for the folving a great-Variety of difficult Queftions, and to re-
duce theDifficulty to a fingle Arithmetical Multiplication, whereof foveral
Infiances may be feem in the 218 Page of this Book. :

Another Method I bave made ufe of, is that of Infinite Series, which
in many cafes will folve the Problems of Chance more naturally than
Combinations. To give the Reader a Notion of this, we may [uppofe .
two Men at Play throwing a Die, each in their Turns, and that be
be to be reputed the Winner who fhall firft throw an Ace : It is plain,
that the Solution of this Problem cannot fo properly be reduced to Com-
binations, which ferve chiefly to determine the proportion of Chances be-
tween the Gamefiers, without any regard to the Priority of Play. ’Tis
convenient therefore to bave recourfe to fome other Metbod, fuch as the

Sollowing :  Let us fuppofé that the firft Man, being willing to compound
with bis Adverfary for the Advantage be is intitled to from bis firf?
Throw, fhould afk bim what Confideration be would allow to yield it to
bim 5 it may naturally be fuppofed that the Anfwer would be one Sixth
part of the Stake, there being but Five to One againft him, and that
this Allowance would be thought a juft Equivalent for yielding his Throw.
Let us likewife fuppofe the feccond Man to require in bis Turn to have
one fixth part of the remaining Stake for the Confideration of bis Throw;
which being granted, and the firft Man's Right returning in courfe, be
may claim-again ome fixth part of the Remainder, and fo on alter-
nately, till the whole Stake be exbaufled: But this not being to be dome
till after an infinite number of Shares be thus taken on both Sides, it
belongs to the Method of Infinite Series to affign to each Man what pro-
porteen of the Stake e ought to take at firfh, fo as to anfwer exaitly
that fittitrous Dt"vzz;ﬁan of the Stake in infinitum ; by means- of which
1t will be found, that the Stake ought to be divided-between the contend-
ing Parties into two parts, refpectrvely proportional to the two Numbers
6 and 5. By the hke Method it would be found that if there <were
TFhree or more Adventurers playing on the conditions above defcribed,
each Man, accordsing to the Situation be is in with re/pect to Priority Z"
Piay, might take as bis due fuch part of the Stake, as is expreffitle by
the correfponding Term of the proportion of 6 te 5, continued to f many
Terms as there are Gameflers ; which in the cafe of Three Gameflers,

Jor Inflance, would be the Numbers 6, 5, and 4—;— , or their Pro-

" portionals 36, 30, .and 25..
Another Advantage of the Method of Infinite Series is, that every
Term of the Series includes fome particular Circumflance wbherein the
o - : - Gamefiers

1
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Gameflers may be found, which the other Methods do not ; and that a
Jew of its Steps are fufficient to difiover the Law of its Procefs. The
only Difficulty -which attends this Method, being that of fumming up
Jo many of its Terms as are requifite for the Solution of the Problem
_propofed : But it will be found by experience, that in the Series refult-
ing from the confideration of moft Cafes relating to Chance, the Terms
of 1t will either conflitute a Geometric Progrefion, which by the known
Methods is eafily fummable 5 or elfe fome other fort of Progreffion, whof
nature coufifts in this, that every Ierm of it bas to a determinate num-
ber of the preceding Terms, each being taken in order, fome conflant re-
lation 5 in which cafe I bave contrived fome cafy Theorems, not only for
finding the Law of that Relation, but alfo for finding the Sums re-

- quired ; as may be feen in feveral places of this Book, but particu-

193,194. larly from page 127 to page 128. °

A Third Advantage of the Method of Infinite Series is, that the So-
lutions derived from it bave a certain Generality and Elegancy, which
Jearce any other Method can attain to ; thofe Methods being always
perplexed with various unknown Quantities, and the Solutions obtained
by them terminating commonly in particular Cafes.

There are other Sorts of Series, which tho' not properly infinite, yet
are called Series,qfram the Regularity of the Terms wbereof they are
compafed 5 thofe Terms following one ~another with a certain uniformity,
which is akways to be defined. Of this nature is the Theorem given

- by Sir lfaac Newton, in the fifth Lemma of the third Book of bis
Principles, for drawing a Curve through any given number of Points s
of which the Demonfiration, as well as of other things belonging to the
Jame Szgje&, may be deduced from the firft Propofition of iis Metho-
dus Difterentialis, printed with fome other of his Tralts, by the care of
my Intimate Friend, and very fkilful Matbematician, Mr. W. Jones.
The abovementioned Theorem being wvery ufeful in fumming up any num-
ber of Terms whofé laff D:fferences are equal; (fuch as are the Num-
bers called Triangular, Pyramidal, &c. the Squares, the Cubes, or
ather Powers of Numbers in Aritbmetic Progreffion) I bhave fhewn in
many places of this Book how it might be applicable to thefe Cafes.

After having dwelt fome time upon various Queftions depending on the
general Principle of Combinations, as laid down in my Introdultion,
and upon fome others depending on the Method of Infinite Series, I pro-

- ceed to treat of the Method of Combinations properly fo called, which
I fhew to be eafily deducible from that ‘more general Principle which
bath been before explained : Where it may be obferved, that altho the

Cafes

N.B. Tbe Numbers in the Margin, bere and elfewbere, anfwer to the -

prefent Edition.
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Cafas it is applied to are particular, yet the Way of Reafoning,
and the Confequences derived from it, are general ; that Method of
Arguing about genmerals by particular Examples, being in my opinion
very convenient for cafing the Reader's Imagination. '
" Having expldined the common Rules of Combinations, and given a The-
orem which may be of ufe for the Solution of fome Problems relating to that
Subject, I lay down a new Theorem, which is properly a contraction of
the former, whereby {e‘veral RQueftions of Chance are refolved with won-
derful eafe, tho' the Solution might feem at firfi fight to be of infuperable
difficulty. v

4 is )i:y the Help of that Theorem fo contracied, that I bave been able

to give a compleat Solution of the Problems of Pharaon and Baflete, which
awas never done before me: 1 own that fome great Mathematicians bave
before me taken the pains of calculating the Advantage of the Banker,
in any circumflance eitber Z Cards remaining in bis Hands, or of any
number of times that the Card of the Ponte is contained in the Stock :
But fiill the curiofity of the In t:;ﬁti've remained unfatisfied ; Tke Chief
Queflion, and by much the mo/j ifficult, concerning Pharaon or Baficte,
being what it is that the Banker gets perCent. of all the Money adven-
tured at thofe Games, which now I can certainly anfwer is wvery near
Tbree per Cent. at Pharaon, and Three fourths per Cent at Baflete, as
may be feenin my xxiii Problem,where the precife Advantage is calculated, 32.

In the 24th and 25th Problems, I explain a new fort of Algebra, 34 35-
whereby fome Queflions relating to Combinations are folved by fo eafy a__
Procefs, that their folution is made in fome meafure an smmediate con-

fequence of the Metbod of Notation. I will not pretend to fay that this
new Algebra, is abfolutely neceffary to the Solving of thofe Queftions which
1 make to depend on it, fince it appears that Mr. Monmort, Author of
the Analyfe des Jeux de Hazard, and Mr.Nicholas Bernoully bawve folved,
by anotber Metbod, many of the cafes therein propofed: But Ibope I/ball
not be thought guilty of too much Confidence, 1f I affure the Reader, that
the Method 1 fa've Jollowed bas a degree of Simplicity, mat to fay Zf
Generality, which will bardly be attained by any other Steps than by
thofe I have taken. . L :

The 29th Problem, propofed to me, amongft fome others, by the Ho- 38.
nourable Mr. Francis Robartes, I bad folved in my Traél De menfura
Sortis; It relates, as well as the 24th and 25th, to the Method of Com- 34, 35-

~ binations, and is made to depend on the fame Principle. When I began
Jor the firfk timre to attempt its Solution, 1 bad nothing elfe to guide me
but the commen Rules of Combinations, fuch as they bad been dlivered by
- Dr. Wallis and otbers ; which wben I endeavoured to apply, I was fur-
prized to find that my Calculation fwelled by degrees to an intolerable Bulk :
: a For
: . For.
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For this reafon T was forced to turn my Views another way, and to try
awhether the Solutim I was feeking for might not be deduced from fome ea-
Sfier confiderations ; ‘wbere?an I bappily fell upon the Method I bave been
mentioning, which as it led me to a very great Simplicity in the Solution,
o I look upon it to be an Improvement made to the Method of Combinations.
The 30th Problem is the re'uerg% of the preceding 5 It contains a very
remarkable Method of Solution, the Artifice of which confifts in changing
an Arithmetic Progreffion of Numbers tnto a Geometric ones this bez'n{
ahways to be done wim the Numbers are large, and their Irztml:}ﬁr'ml .
I freely acknowledge that Ibave been indebted long ago for this uféeful ldea,
to my mnch refpected Friend, That Excellent Mathematician Dofior Hal-
ley, Secretary to the Royal Soci:y, whom I bave feen praitife the thing
'on another occafion: For this and otber Infiractive Notions readsly im-
tarted to me, during anuninterrupted Friendfbip of five and Twenty years,
I return bsm my very bearty Thanks. '
The 32 Problem, baving in it a Mixture of the two Methods of Cont-
binations and Infinite Serics, may be propofed for a pattern of Solution,
in fome of the moft difficult cafes that may occur in the Subjet of Chance,
‘and on this occafion I muft do that Fuftice to Mr. Nicholas Bernoully,
to own be bad fent me the Solation of this Problem before mine was Pub-
lifhed ; which I bad no fooner received, but I communicated it to the
Royal Society, and reprefented it as a Performance bighly to be commend -
‘ed: Whereupon the Society order’d that bis Selution §Zvauld be Printed ;
which was accordingly done fome time after in the Philofophical Tranf-
altions, Numb. 341. where mine was alfo inferted.
" The Problems which followo relate chiefly to the Duration of Play, or
to the Method of determining what number of Games may probably be played
out by two Adverjaries, before a certain number of Stakes agreed on e~
tween them be won or loft on either fide. This Subject affording a wery
greatV. arid/ of CuriousQueftions, of which every one bas a degree of Dif-
ﬁculyecu iar to it felf, I thought st neceffary to divide it into feveral
difiinét Problems, and to iRufirate their Solution with proper Examples,
Tho' thefe Queftions may at firft fight feem tv bave a very great degree
of difficulty, yet I bave fome reajon to behigve, that the Steps § have taken
to come at their Solution, will eqfly be followed by thofe whe have a rom-
petent fkill in Algebra, and that the chief Method of proceeding therein
will be urzde(/loodg&y thofe wbo are barely acquainted with the Elements of

" gthat Art. L

When I firf} began to attempr the general Solution of the Froblem con-
‘cerning the Duration of Play, there was nothing extant that could give
me any kight into that Subject ; for altho’ Mr. de Monmatt, in the firf}
- Edstion of bis Book, gives the Solution of this Problem, as limited to tbree
. I 2 Stakes






ADVERTISEMENT
Concerning this Second Edft{oﬂ.

HE Advantages which this fecond Edition has over the firft

are many ; for 1°, The Arithmetical Principles laid down in
the Introdu&ion of the firft have been very much enlarged, and made
much more eafy, than they were; 2°, The Problems, of which the
Solution requires more Skill than can be derived from the Rules of
common Arithmetic, are treated in the cleareft manner that the nature
of the Subjc& will admit of; 3°,The chief Queftions which may relate
to Lotteries are fully refolved, fuch as the following; What is the
Chance of getting a certain number of Prizes with a determinate num-
ber of Tickets? What is the Advantage or Difadvantage of contrac-
ting about returning undrawn Tickets in cafe of Prizes, and how to
ftate an Equality between the contending Parties? What Confidera-
tion ought to be given in the beginning .of a Lottery to have conti-
nually-a new Chance fupplied upon the determination of the old?
4°, I have added the Solutions of fome Problems relating to fome Cir.
cumftances of the Game of Quadrille, whereby is fhewn, the Pro-
bability of forcing all the Trumps, and of judging whether it be fafe
to undertake the #o/e: 5°, The Values of Chances in Ragfing are
more eafily calculated than in the firft Edition, on which occafion
this Queftion has been added ; Whether upon fuppofition of the Ad-
venturers being equal Contributors to a common ftock, it were bet-
ter for the Cafter of the firft Chance thas there were many or few
Adventurers befides himfelf, and the true Limitation of the Number
which would make that Chance as valuable as poffible ? 6°, Aneafy
Method of eftablithing at Hazard an Equality of Chance between the
Cafler and the Setter : 7°, This Queftion is refolved, W hat is at Ha-
zard the Gain of the Box, or how many Mains, one with another,
are requifite to make the Box-keeper be intitled to his Box-Money ?
8°, Some Problems concerning the Odds between two Players at Pi-
quet according to the various Circumftances of a Party of three
Games, together with other Queftions relating to that Play. ¢°, Some
Queftions relating to /7bi/k, as alfo the Refolution of a Queftion his
therto unanfwered, v/iz. Whether one fide being Eight of the Game,

and
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and the other Nine, the Eight or the Nine have the beft Chance? 10°,
Whether at any Game it be more advantageous to have the Odds in
Chance, upon an Equalit§™of Skill, or to have the Odds laid to, up-
on.an Equality of Chance? 11°, In this Book have been inferted
the principal Rules of a former Book of mine concerning the Values
of Annuities for Life, whether upon one, two or more Lives; the
Values of Reverfions, the Values of joint and fucceffive Lives; Pro-
babilities of Survivorfhip; Values of Expe&ations founded on the
Contingency of the Duration of certain Lives for a limited Time: as
alfo fome Tables to facilitate the practice of the foregoing Rules.
12°, The Methad of calculating the Value of a perpetual Advowfon,
according to the Age of the Incumbent. 13°, The Solution of a Quef~
tion which cannot fail of interefting the Reader; it is, What reafon-
able Conjectures may be derived from Experiments, or what are the
Odds that after a certain number of Experiments have been made con-
cerning the happening or failing of Events, the Accidents of Contin-

- gency will not afterwards vary from thofe. of Obfervation beyond cer-
tain Limits ; which leads naturally to this Confequence, that altho’
Chance has very great Influence on fome Events, yet that it very lit-
tle difturbs thofe which in their natural Inftitution were defigned to
happen according to fixt Laws, Chance vanifhing as it were at long
run in refpect to the Conftancy and Regularity of Order. 14°, Altho .
the Solution of the Queftion Jaft mentioned was intended to conclude
my Work, yet two or three curious Problems have been added to it,
on fome particular Occafions. '

I fuppofe it is not expeted from me that I {hould anfwer the Ob-
je&ions which a late anonymous Author has made againft what I for- -
merly writ concerning the Values of Lives; for he having declared’
more than once that he had never read my Book, but that what he
had cited out of it, was from the Citation of others, I think he has ..
thereby fufficiently anfwered himfelf, for which reafon I'll content ..
my felf with telling him, that he_ncither underftands what he would "
confute, nor knows what he .would eftablith.

There is in the World a Gentleman of an older Date, who in the
year 1726 did affure the Public that he could calculate the Values of
Lives if he would, but that he would not, becaufe the Obfervations

. then extant about the probable Duration of Lives were fo uncertain
and fo few, that he could not rely upon them, but that as {foon as he
had procured from  the Parith Clerks, the Bills of Mostality for a - .
competent number of years, he would then thew what he is capable
of ; but as he was diffident he could not live fo long, He, to make
fome compenfation for the uncertainty of his Life, did communicate
' to
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t6- thé Public a moft vatuable Secret, by declaring that the beft Me.
- shod 'he could propofe to his Reader for:the valuation of Lives, was to
confider with himfelf, what number of y&ars certain is.equivalent to
the Life or Lives in queftion, having :always regard to the Age and
Health of thé Annuitant or Annuitants; which done, his Book will
tell you the reft: What pity it is, that after fo rare an Expedient for
calculating a fingle Life, he has not been pleafed to confider witb bim-
flf, what maft be the Method of calculating combined Lives; for it
does not.clearly follow, that becaufe a good Phyfiognomift can guefs
at the Value of one Life, he can alfo guefs at the Value of two or
three joint Lives, or at the longeft of them ; it is to be hoped that
fome time or other, there will be found fome ingenious Perfon who
will improve fo ufeful a Hint, and profecute what he had fo happily
begun. ' :
: glul?ave one word to add, which is, that the Tables I have printed
in this Book concerning the Values of Lives, being upon a foppofi-
tion of an Intereft of g5 per Cent. may be thought not to be well
fitted to the prefent Time: to which I anfwer, £/, That in the Body
of my Book I have given Rules for calculating the Values of Lives for
any rate of Intereft; fécondly, That thofe Tables were originally com-
pofed when Intereft was at five per Cent. Thirdly, that a Man by pur
chafing a Life at a certain price, may, without offending tht Law, make
§ per Cent. of his Money or upwards : Lafh, that I intend thortly to
publith a little Pocket-Book, containing Tables for readily eftimating
the Values of Single and Combined Lives, for an Intereft both of g
and 4 per Cent. wicrein I fhall endeavour. to prove, that the rate of -
Intereft which a Man ought to value his Money at, when he pur-
chafes a Life, is not to be regulated by the Intereft he can make,
by placing his Money in the Funds.

The moft remarkable Errata, are as follows:

Pag. 83. Lin. 19. for 6 Matadors, read 3 Matadors.
Pag. 113. Lin. 2. for Cylinder, read Prifm. )
Pag. 152. Lin. 7. from the Bottom, fill up the Blank by writing

Xviirth,



DOCTRINE
CHANCES

g

The INTRODUCTION.

1. HE Probability of an Event is greater or lefs,
according to the number of Chances by which
it may happen, compared with the whole num-
ber fmof Chances by which it may ecither happen
or fail.

2. Wherefore, if we conftitute a Fraltion

whereof the Numerator be the number of Chances

whereby an Event may happen, and the Denominator the number
of all the Chances whereby it maﬂeeither happen or fail, that Fraction
will be a proper defignation of t lI;robabilxty of happening,. Thuii'
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if an Event has 3 Chances to happen, and 2 to fail, the Frac-.
tion -—:— will fitly reprefent the Probability- of its happening, and may -

. be taken to be the meafure of it. ‘

The fame thing may be faid of the Probability of failing, which .
~ will likewife be meafured by a Fra&ion whofe Numerator is the.
number. of Chances whereby it may fail, and the Denominator the
whole number of Chances, . both for its happening and failing; thus
the Probability of the failing of that Event which has 2 Chances to-.

fail and 3 to happen will be meafur'd by.the Fraction =

3. The Fra&ions which reprefent. the Probabilities oi‘ happening -
and failing, being added together, their Sum will always be equal to -
Unity, fince the Sum of tgcir Numerators will be equal to their.
common Denominator ; now it being a certainty. that an Event will .
either happen or fail, it follows that Certainty which may be con- .
ceived under the notion of an infmitely great degree of. Probability, -,
is fitly. reprefented by Unity.

Thefe things will eafily be apprehended, if #t be confider'd, that
. the word Probability includes a double Idea ; firft, of the number of
Chances whereby an Event may happen; fecondly, of the number.
of Chances whereby it may either happen or fail. :

If T fay that Ihave three Chances to win any Sum of Money, it.
is impoflible from that bare aflertion to jydge whether- I am like to:
obtain it3 but'if I add that the namber of Chances either to obtain. -
it, or to mifs i, is five m all, from hence will eafue a comparifon
between the Chances. that favour me, and the whole number of
Chances that are.for or ageinit me, whereby a true judgment will be
. formed of my Probability of fuccefs: from whence it neceflarily
follows. thag it.is. the comparative magnitnde of the number of
Chances. to “happen, in refpe@ ta. the whole nmumber of Chances
;;:per to bappen or to fail, which is the true meafure of Proba-

1ty. - N v
4. 1f wpop: the.hqppenin,% of an Event, I be intitled to a Sum of-
Moncg,,, my ExpeQation of obtaining that Sum has a determinate
value before the happening of the.Event. ,

Thus,. if. I am te have. 10Z- in cafe.of the happening of an Event-
which has an equal Probability of happening and failing, my Ex- .
peation before the happening of the Event is worth 5Z- for I am
precifely in the fame circumftances as he who at an. equal Play ven-
tuces gl either to have 10, or to lofe his 5.. Now he who ventures -
5L w an equal Play,, is poffeflor of 5Z- before the decifion of the

- ) Play ;
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Play ; therefore my Expecation in the cafe above-mentioned muft
alfo be worth ¢ L

5. In all cafes, the Expectation of obtaining any Sum is eftimated
by multiplying the value of the Sum expeéted by the Fraction which
reprefents the Probability of obtaining it.

Thus, if I have 3 Chances in § to obtain 100Z I fay that the
prefent value of my Expeétation is the produ& of 100L- by the frac-

tion —:- , and confequently that my Expeation is worth 6o Z-

For fuppofing that an Event may equally happen to any-one of
£ diﬂ?crentP l;oerfons, and that the Perfon to whom it ha Pens;fhould
‘in confequence of it obtain the Sum of 100L. it is g that the
right which each of them in particular has upon the Sum expeéted

is —— of 106Z- which right is founded in this, that if the five Per-

fons. concerned in the happening of the Event, fhould agree not to
ftand the Chance of it, but to divide the Sum expeéted among them-

flves, then each of them muft have — of 100L. for his preten-

fion. Now whether they agree to divide that fom equally among
themfelves, or rather chufe to ftand the Chance of the Event, no
one has thercby any advanta%e sor difadvantage, fince they are all
-upon an equal foot, and confequently each ‘Perfon’s expectation is

worth — of 100L- Let us fuppofe farther, that two of the five

Perfons concerned in the happening of the Event, fhould be willing
to refign their Chance to one of the other three, then the Perfon te
whom thofe two Chances are thus refigned has now three Chances
that favour him, and confequently has now a right triple of that
which he had before, and therefore his expe@ation is now worth

-:— of 100l
Now if we confider that the fraGion —: exprefies the Probability
of obtaining the Sum of 100Z, and that —:- of 100, is the fame

thing as 2 multiply’d by 100, we muft naturally fall into this con-

clufion, which has been laid down as a principle, that the value of
the Expettation of any Sum, is determined by multiplying the Sum
expedied by the Probability of obtaining it.

. This manner of reafoning, tho” deduced from a particular cafe
wi}cl eafily be perceived to be general, and applicable to any other
cafe. :

B2 CoRroL-
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From what precedes, it neceffarily follows that if the Value of
an Expe@ation be given, as alfo the Value of the thin§ expected;
then dividing the firft value by the fecond, the quotient will exprefs the
Probability of obtaining the Sum expe@ed ; thus if I have an Ex-
peQation worth 60 L and that the Sum which I may obtain be worth
100L- the Probability of obtaining it will be expreft by the quotient

of 6o divided by 100, that is by the fraction }%%' or 2,

6. The Rifk of lofing any Sum is the reverfe of i)xpc&atidn,
and the true meafure of it, is the product of the Sum adventured,
multiply’d by the Probability of the Lofs.

7. Advantage or Difadvantage in Play, refults from the combi-
nation of the feveral Expe@ations of the Gamefters, and of their feve-
ral Rifks.

" Thus fuppofing that 4and B play together, that 4 has depofited
§L-and B 3 L. that the number of Chances which 4 has to win |
1S 4, and the number of Chances which B has to win is 2, and that
it were required in this circumftance to determine the advantage or
difadvantage of the Adventurers, we may reafon in this manner:
Since the whole Sum depofited is 8, and that the Probability which

A has of getting it is = , it follows that the Expe@ation of 4 upon
thevwhole Sum depofited is 8 x 4 = 5—;- , and for the fame reafon

the Expectation of Bupon that whole Sum depofited is 8 x -Z— = 2—.

Now, if from' the refpe&tive Expetations which the Adventurers
have upon the whole fum depofited, be fubtracted the particular Sums
which they depofit, that is their own Stakes, there will remain the
Advantage or Difadvantage of either, according as the difference is
“pofitive or negative, '

And therefore, if from 5—;— , which is the ExpeQation of 4 upon
the whole Sum depofited, 5 which is his own Stake, be fubtracted,
there will remain -—;- for his advantage ; likewife if from 2-% which
is the Exps@ation of B, 3 which is his own Stake be fubtrated,
there will remain — —'3- , which being negative fhews that his Dif-

. 1
advantage is —.

Thefe conclufions may alfo be derived from another confideration;
for if from the Expectation which cither Adventurer has upon the
' Sum
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Sum depofited by his Adverfary, be fubtracted the Rifk of what he
himfelf depofits, there will likewife remain his Advantage or Dif-
advantage, according as the difference is pofitive or negative. -

. Thus in the preceding cafe, the Stake of B being 3, and the Pro-

bability which 4 has of winning it, being <, the ExpeQation of
A upon that Stake is 3 x 4~ ==2; moveover the Stake of A be:
ing g, and the Probability of lofing it, being -, his Rifk ought to
'be eftimated by 5 x = = 1-—;- ; wherefore, if from the Expeca-

tion 2, the Ritk 1-;— be fubtracted, there will remain -;- as before
for the Advantage of 4; and by the fame way of proceeding, the
‘Difadvantage of B will be found to be — .

It is very carefully to be obferved, that what is here call'd Advan-

‘tage or Difadvantage, and which may properly be call'd Gain or
Lofs, is always eftimated before the Event is come to pafs; and altho’
it be not cuftomary to call that Gain or Lofs which 1s to be derived
from an Event not yet determined, neverthelefs in the Docrine of
Chances, that appellation is equivalent to what in common difcourfe
is call'd Gain or Lofs.
. For in the fame manner as that he who ventures a Guinea in an
equal Game may, before the determination of the Play, be faid to be
pofleffor of that Guinea, and may, in confideration of that Sum,
refign his place to another; fo he may be faid to be a Gainer or
Lofer, who would get fome Profit, or fuffer fome Lofs, if he would
fell his Expectation upon equitable terms, and fecure his own Stake
for a Sum equal to the Rifk of lofing it.

8. If the obtaining of any Sum requires the happening-of feveral
Events that are independent on each other, then the Value of the
Expectation of that Sum is found by multiplying together the feveral -
Probabilities of happening, and again multiplying the product by the
Value of the Sum expeéted. o

Thus fuppofing that in order to obtain gol- two Events muft
happen ; the firft whereof has 3 Chances to happen, and 2 to fail,
the fecond has 4 Chances to happen, and 5 to fail, and I would
know the value of that Expectation ; I fay, '

The Probebility of the firft’s happening is -%— , the Probability of
the fecond’s happening is % ; now multiplying thefe two Probabili-.
ties together, the product will be -;—:— or % ; and this produ@ being

agun
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again multiply’d by go, the new prbdu& will bef—igl ‘or 24, there-
fore that Expedation is worth a4L.

The Demonftration of this will be-very eafy, if it be confider'd,
that fuppofing the firft Event had happen'd, then that ExpeQation
depending now intirely upon the fecand, would before the determi-

nation of the fecond, be:found «to be exaély- worth -;- x 9ol .or

40L (by Art. 5*) Wemay therefore Jook upon the ha ning of the
firft, as a condition of obtaining an Expe@ation w%lx)feth 40L but

the Probability of the firft’ s’happening has been fuppofed -:—, .where-
. fore the Expe@ation fought for, is.to be eftimated by ~;— X 40, or

by -z- X % x-9o, that is by the produé .of the two, Probabilities
» of happening multiply’d by the Sum expested,

And likewife, if an Expectation depends on the happening of one
Event, and the failing of another, then its Value will be the produ@
of the Probability of the firft's happening by the Probability of the
fecond’s failing, and of that again by the Value of the Sum ex.

eted.
F And again, if an*Expe€tation depends on the failing of two Events,
the Rule ‘will be the fame, for that Expeation will be found by
multiplying together the .two Probabilities of failing, and multiply-
ing that again by the Value of the Sum expected, ’

And the fame Rule is applicable to the happening or failing of a5
many Events as may be affigned. '

COROLLARY.

If we make abftra@tion of the Value of the Sum to be obtain’d,
the bare Probability of obtaining it, will be the product of the fe-
veral Probabilities of happening, which evidently appears from this
8th Art. and from the Corollary to the 4th,

Hitherto, I have confin'd myfelf to the confideration -of Events -
independent ; but for fear that in what is to be faid afterwards, the
terms independent or dependent might occafion fome obicurity, it
will be neceffary, ‘before I proceed any farther, :to fettle intirely the
notion of thofe terms, ,

Two Events are independent, when they have no connexion one
with the other, and that the happening of ‘one weither forwards nor
_.obftructs the happening of the other.

Two Events are dependent, when they are o conneéted together as
that the Probability 'ofp’eithcr’s happening is alter'd by the happening
of the other. ~ In
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In order to illuftrate this, it will not be amifs to propofe the two
following cafy Problems. '
_ 1° Suppofe there is 2 heap of 13 Cards of oae colour, and an-
.other heap of 13 Cards of another calour, what is the Probability
that taking two Cards at a venturc out of each heap, 1 fhall take the
two Aces? g

The Probability of taking the Ace out of the firft heap is —— 3

. 3

now it being very plain that the taking or not taking the Ace out of
the firft heap has no influence in the taking or not taking the Ace
out of the fécond, it follows; that fuppofing that Ace taken out,.

the Probebility of taking the Ace out of the fecond will alfo be ——;
and therefore, thofe two Events being independent, the 'Probabiﬁty.

of their both happening will .be LAV S

18 13- T 169
g°. Suppofe that out of one fingle heap of 13,_1C?1rds of one colour,
it thould be uadertaken to take out the Ace in the firft place, and
then the Deux; and that it were required to affign the Probability

of doing it, we are to confider that altho’ the Probability of the Ace’s -
being in the firft place be --;'? » and that the Probability of ttie Deux’s -
being in the fecond place, would alfo be -;L , if that fecond Event:

were confider'd in itfelf without any relation to the firft; yet that
the Ace being: fuppofed as taken out at firft, there will remain bue.
12 Cards in the heap, and therefore that upon the fuppofition of the
Ace being taken out at firft, the Probability of the Deux’s being next

taken will be alter’d, and become %3 and therefore, we may con-
clude that thofe two Events are dependent, and that the Probability -
of* their both happening will be T'- x~—:7 —_— — .. '

: 1¢6 N

From whence it may be infer'd *that the Probszility of the hap-
pening of two Events dependent, is the produ¢t of the Probability
of the bappening of one of them, by the Probability which the
other will have of happening, when the firft fhall have been confi-
der’d as having happend ; and the fame Rule will extend-to the hap--
pening of as -many Events as may be affign’d.

9. But to determine in the eafieft manner poffible, the Probability-
of the happening of feveral Events dependent, it will be convenient.
to.diftinguith by thought the order. of thofe Events, and to fuppofe:
one of them to be the firft, another to be the fecond, and fo on :-
which being done, the Probability of the bappening of the firft may
be look’d upon as independent,. t.ze Probability: of -the: happening tgf

_ . e

e 1
Ao -
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the fecond, is to be determin’d from the fuppofition of the firft’s
having happen’d, the Probability of the third’s happening, is to be
determin’d from the fuppofition of the firft’s and fecond’s having
happened, and fo on: then the Probability of the happening of them
all will be the product of the Multiplication of the feveral Probabili«
ties which have been determined in the manner prefcrib’d. ,

‘We had feen before how to determine the Probability of the hap-
pening or failing of as many Events independent as may be aﬂign’g 3
we have feen likewife in the preceding Article how to determine the
* Probability of the happening of as many Events dependent as may
be affign’d; but in the cafe of Events dependent, how to determine
the Probability of the happening of fome of them, and at the fame
time the Probability of the failing of fome others, is a difquifition
of a greater degree of difficulty, which for that reafon will be more
conveniently transfer'd to another place, ‘

- 10. If T have feveral Expeations upon feveral Sums, it is very
evident that my Expeation upon the whole is the Sum of the Ex- -
pectations I have upon the particulars.

Thus fuppofe two Events fuch, that the firft may have 3 Chances to
bappen and 2-to fail, and the fecond 4 Chances to happen and 5 to fail,
and that I be intitled to goZ- in cafe the firft happens, and to an-
other like Sum of goZ- in cafe the fecond happens alfo, and that I
would know the Value of my Expe@ation upon the whole : 1 fay,

The Sum expected in the firft cafe being goZ- and the Probability

~ of obtaining it being -;3— , it follows that my Expe(tation on that

account, is worth gox -+ == 54 ; and again the Sum expe&ed in
the fecond cafe being go, and the Probability of obtaining it being

-éf- , it follows that my Expe@ation of that fecond Sum is worth

go x—; = 40; and therefore my Expeation upon the whole is

worth” 54L 4 g0l == g4.L- , '

But if I am to have goZ- once for all for.the happening of one
or the other of the two afore-mentioned Events, the method of pro-
cefs in determining the value of my Expetation will be fomewhat
alter’d ; for altho’ my ExpeQation of the firft Event be worth g4 L
as it was in the preceding Example, yetI confider that my Expec-
tation of the fecond will ceafe upon th happening of the firft, and -
that therefore this Expe@ation takes place only in cafe the firft does

happen to fail. Now the Probability of the firft’s failing is —: ; and

fuppofing it has fail'd, then my ExpeQation will be 40; where-
’ : , 1 ' fore
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fore -%- being the meafure of the Probability of my obtaining an
Expectation worth 40L., it follows that this Expectation (to eftimate
it before the time of the firft's being determin’d) will be worth 40x 3-
== 16, and therefore my Expet'tauon upon the whole is worth
54L- 4 16L-=70L

If that which was call'd the: fecond Event be now .confiderd as
the firft, and that which was call'd the firft be now confider'd as the
fecond, the conclufion will be the fame as before.

In order to make the preceding Rules familiar, it will be conve-.
nient to apply them to the Solution of fome eafy cafes, fuch as

are the following.
: CASE I*
7o ﬁﬂd the Probability of throwing an Ace in two throws.

SoLuTION.

The Probability of throwing an Ace the firft time is— ; where-

fore - is the firft part of the Probability required.
If the Ace be mifled the firft time, flill it may be thrown on the
fecond, but the Probability of miffing it the firft time is-g- , and

the Probability of throwing it the fecond time is —; 5 wherefore the
Probability of miﬂ'mg it the firft time and throwing it the fecond, is

=% - = '5? : and this is the fecond part of the Probabxlxty re-

quired, and therefore the Probability required is in all = - ? =

To_this cafe is analogous a queftion commonly propofed about
- throwing with two Dice cither fix or feven in two throws, which
will be eafily folv’d, provided it be known that Seven has 6 Chances
to come up, and SlX § Chances, and that the whole number of
Chances in two Dice is 36 ; for the number of Chances for throw-
ing fix or feven being 11, it follows that the Probability of throwing

either Chance the firft time is — , but if both are miffed the firft
time, ftill cither may be thrown thc fecond time, but the Proba-

bility of miffing both the firft time is -ﬁ- , and the Proba-

bility of throwing either of them on the fecond is — 36 ;- wherefore

the Probability of miffing both of them the firft time, and throw-
C - ing
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ing cither of them the fecond time is %x% =-—l%‘g , and

therefore the Probability required is i e ~2L 2em «r2r—, and

the Probability of the contrary is ——2i-, S
' 9

CASE II
To find the Probability of throwing an.dce in three throws.

: : SoruTION
"The Probabiliy of throwing an Ace the firft time is - , which

is the firft part of the Probability required,
If the Ace be miffed the firft time, ftill it may be thrown in the
two remaining throws ; but the Probability of miffing it the fuft

time is =, and the Probability of throwing it in the two remain-

ing times is (by Cafe 1) == —;:,;— . And therefore the Probability of
miffing it the firft time, and throwing it in the two renmining times

s <% x 5 ==&, which is the fecond part of the Probability

required ; wherefore the Probability required will be '%' +- % =
91 . ' |
216 °

CASE IIF
To find the Probability of throwing an Ace in four throws.

SorLuTION,
- The Probability of throwing an Ace the firft time is — » Which
is the firft part of the Probability required. -
If the Ace be mifs'd the firft time, of which the Probability is

-, there remains the Probability of throwing it in throe times,

which (by Cafe 3%) is = ; wherefore the Probability of miffing

the Ace the firft time, and throwing it in the three remaining times
is = 2 x Lo = :'25;55 , which is the fecond part of the Proba-
bility required, and therefore the Probability required is in thc6whole
K ::;; = fz?g"6 , and the Probability of the contrary Tz% .

: X It
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It is rematkable, that he who undertakés to throw an Aee in four
throws, . bas juft the fame advantage of his adverfary, as he who
undertakes with two Dice that flx or feven fhall come up in two
throws, the odds in either cafe being 671 to 625; whereupon it
will not be amifs to fhew how to determine eafily the Gain of one
Party from the Superiority of Chances he has over his adverfary,
upon fuppofition that each ftake is equal, and denominated by
unity. For although this is a particular cafe of what has been ex-
plain’d in the 7th Article; yet as it is convenient to have the Rule
ready at hand, and that it be eafily rensember'd, I fhall fet it down
here ; let therefore the odds be univerfally exprefs'd by the ratio of

ato b, then the refpective Probabilities of winning being — »
and a_:_ 7 the right of the firfk upon the Stake of the fecond is
—+F %1, and likewife the right of the fecond upon the Stake of
the firft is —>— x 1, and therefore the Gain of the firft is ——

a4 _ . a4
or hacely —‘a’:—;-,, and confequently the Gain of him who under-

takes that fix or feven fhall come vp in two throws, or who under-
takes to fling an Ace in four throws is 2;:12:: == T:gs , thit

i nearly —— part of his adverfary’s Stake.

| CASE IV:
T find the Probability of throwing two dkes in two throws.

2

SoLUTION,
It is plain (by the 8t Art,) that the Probability required is
3 1 — 1 ' .
— X -6- — —_6- . )
’ 3 CASE W
s find the Probability of throwing two Aces in three throws.

SCLUTION,

¥ an Ace be thrown the firft time, then it \;vill only be required
to throw it once in two throws, but the Probability of throwing

it the firfk time is o , and the Probability of throwing it once in

‘two throws (by the firft cafe) is 5~ 3 Wherefore the Probability of
C2 throwing
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throwing it the firft time, and then throwing it once in the two
1 11 It
remaining times is ¢ x —z= == — , and this is equal to the

firft part of the Probability required.
If the Ace be mifS'd the firft time, ftill there remains the Proba-
bility of throwing it twice together, but the Probability of miffing

it the firft time is—-, and the Probability of throwing it twice

together is (by the 4."‘ Cafe) -——'— ; therefore the Probability of

both Events == - x-— = —zf-6 ; and this is the fecond part of

the Probability requxrcd therefore the whole Probability required
1145

15 == 216 —

216 ¢

CASE VI
2o find the Probability of throwing two Aees in four throws.

SoruTION.

If an Ace be thrown the firft time, no more will be requird
than throwing it again in three throws ; but the Probability of

throwing an Ace the firft time is — , and the Probability of throw-

ing it in three times is ——-— (by thc 24 Cafe;) wherefore the Pro-

babilty of both happening s 5 x 2y = 258

the Probability required.
If the Ace be mxﬁs’d the firft nme, ftill there wrll remain the
Probability of throwing two Aces in three throws, but the Proba-

bality of miffing the Ace the firft time is T , and the Probablhty

of throwing it twice in three throws is —- , (by the sth Cafe;)

wherefore the Probability of both together is % x—— '6 = '28°6

= 2d part of the Probability required, and therefore the Probabnhty
1 8o 171

requlred = 12 6 -+ 1296 = 1296 °

And by the “me way of reafoning we may gradually find the
Probability of throwing an Ace as many times as {hall be demanded,
in any given number of throws,

- If inftead of employing figures in the Solutions of the foregoing
Cafes, we employ _algebraic Chara&ters, we fhall readily perceive a
moft regular arder in thofe Solutions.

== 1t part of

11,
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11. Let thetefore a be the number of Chances for the happening
of an Event, and 4 the number of Chances for its failing, then the
Probability of its happening once in any number of Trials will be

’ Y .. . a ab abb abs
cxprefid by the Series T 4 5 + v + T

BV Y & abs ) . o - o .
‘== + _— &ec. which Series is fobe continued to fo
" many terms as are equal to the number of Trials given; thus if 4
be =1, == 5, and"the number of Trials given =4, then the
Ptoba:;ﬂity required will be exprefs'd by —;- —:? +-?"53- +-]'—:9-‘;
1

—— e——
e

1296 ° - .
The fame things being fappofed as before, the Probability of the

Event's happening twice in any given number of Trials, will be ex-
) " 2aab 3aabb

{s'd b i i v 4aab?
prefidby the Sl = + ooy TR T e F
——-ﬁ-ﬁ_;—o » &c. which is to be continued to fo many terms, wanting:

one, as is the number of Trials given ; thus let us fuppofe g =1,
b==35, and the number of Trials 8, then the Probability required

. 1 10 . §00 . 12

will be exprefled by 5+ + IZ;G + 75776 + 4%655; +
1850 _toosys _  G6sggt
279936 1679616 — 1679616 '

And again, the Probability of the Event’s happening three times
in any given number of T;;ials will bf exprefs'd bby the Series

asl a’h 6at 104353 18a3b# .
-ﬁ + ﬂiF'T“ + ‘+b‘s + amo + ‘:m/ > &Co Wthh
is to be continued to fo many terms, wanting two, as is the num-
ber of terms given. ‘ |

But all thefe particular Series may be comprehended under a ge-
neral one, which is as follows. :

Let @ be the number of Chances, whereby an Event may hap-
pen, 4 the number of Chances whereby it may fail, / the num-
ber of times that the Event is required to be produced in any
given number of Trials, and let # be the number of thofe Trials ;
make ¢ 4 6 ==y, then the Probability of the Event’s happen-

ing / times in 7 Trials, will be exprefs’d by the Series -% %

7 NESN TN TR AT T TR TN
-+ s + Jhezous 1.z 3. 3 1. 2. 3. . 4. st
&c. which Series is to be continued to fo many terms exclufive of

the

It is to be noted bere, and elfewhere, that the points here made ufe of, fland inflead
the Mark of Multiplication x, Josshere L ¥
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the common nu;ltigligétor" -‘1} as are, denoted by the number 72—

. And for the fame reafan, the Probability of the: contrary,
that is of the’ Event’s not happening o often as / times, ma-

"king 7 — 1/ 4 1 == p, will be exprefid by the Serics —6} x

: pa 2.+ 1 aa p-p4 1.p43. a3 PS4l p 2. p3. a*
I'-"_-“.;—'-"-l.z. n+xz 3- :3+Lz. ' !

. 2 . . 4 »”*
awhich Sertes is to be continued to fo many terms, cxclauﬁve of the
common multiplicator, as are denoted by the number /. .

Now the Psobability of an Event’s not ‘fl}ppenixg being known,
the Probability of its happening will likewife be known, fince the
Sum of thofe two Probabilities is always equal to Unity,. and there-
fore the fecond Series, as well as the firft, may be employed in
determining the Probability of an Event’s happening; but as the
number of terms to be taken in the firft is exprefsd by n— /4~ 1,
and that the number of terms to be taken in the fecond is exprefs'd
by /, it will be convenient to ufe the firft Series, if n— /41 be
lefs than /, and to ufe the fecond, if I be lefs than n— /-1, or
in other terms, to ufe the firft or fecond according as / is lefs or

greater than ~FL

2

Thus, fuppofe an Event has 1 Chance to happen, and 35 to fail,
and that it were required to affign the Probability of its happening
in 24 Trials; then becaufe in this cafe y =24 and /=1, it is
plain that 24 terms of the firft Series would be requifite to anfwer
the Queftion, and that one fingle one of the fecond will be fuffi-
cient; and therefore, if in the fecond Series we make 4 =— 33,
a==1, and /=1, the Probability of the Event’s not happening

ence in 24 ‘Trials, will be exprefs’d by —:-(5;,-} x 1, which by the
help of Logarithms, we fhall find nearly equivalent to the decimal
fraGtion 0.50871 ; now this being fubtracted from Unity, the re-
mainder 0.49129 will exprefs the Probability required; and there~
forelthc odds.againft the happening of the Event will be 50 to 49
nearly,

Ag}.;in, fuppofe it be required to aflign the Probability of the pre-
ceding Eve<ns1:XMLFault xmlns:ns1="http://cxf.apache.org/bindings/xformat"><ns1:faultstring xmlns:ns1="http://cxf.apache.org/bindings/xformat">java.lang.OutOfMemoryError: Java heap space</ns1:faultstring></ns1:XMLFault>